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1. 
After the discovery of the inequality resulting from Bellman [I, p. 311, 
many mathematicians have devoted their time to further extensions of this 
inequality and to the application of these inequalities in the analysis of 
mathematical systems. A recent paper by Chandra and Fleishman [3] gives a 
comprehensive bibliography of the various extensions of this inequality. 
Inequalities of this form have in particular dominated the study of ordinary 
and partial differential equations. The aim of this paper is to obtain some 
further generalizations of the Bellman-Bihari type of integral inequalities 
r1, 21. 
The original lemma in question is as follows. 
LEMMA (Bellman) [l, p. 581. Let n(x) be apositive, monotonic, nondecreasing 
j&&m and y(x) > 0, f(x) > 0. If all three functions are continuous and if 
then 
~(4 G n(x) + /--‘f (4 A4 4 a<x,<b, U-1) 
a<x<b. (14 
Estimates of y(x) in (l.l), when n(x) is not monotonic nondecreasing, or 
when n(x) is a positive constant, are already known. However, by adding the 
monotonicity condition as above on the function n(x), the estimate in (1.2) 
takes a simple form. It is believed by the authors that this monotonicity 
property of n(x) has not been profitably employed in further generalizations. 
In the subsequent theorems this property has been emphasized to obtain some 
linear and nonlinear extensions of the Bellman-Bihari type of inequalities 
[l, 21. 
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2. 
The following inequality, considered in (2.1), combines the features of the 
inequalities in [l, 21, since on the right side we consider two integrals, one 
containing a linear term and the other a nonlinear term. The bound obtained 
in (2.2) contains several special cases from the existing literature. 
THEOREM 1. Suppose 
(i) y(x), f(x), g(x): (0, 00) - (0, co) and continuous 072 (0, co), 
(ii) Q(u) be a nonnegatiwe, monotonic, nondecreasing, continuous, sub- 
multiplicative for u > 0. 
If 
~(4 9 k + If (s)yN ds + joz g(s) Q(Y(s)) 4 o<x<co, (2-l) 
where k > 0 is a constant, then 
Y(X) exp (- jyf (4 ds) 
S G-l [G(k) + ~osg(s) ~2 (exp (f (4 dt) ds] , 0 < x < b, (2.2) 
where 
and G-l is the inoerse of G and x is in the subinterval (0, b] of (0, ‘x)) so that 
G(k) + 10’g(s) Sz (exp js*f(r) dt) ds E Dom(G-1). 
Proof. Define 
44 = k + 6 g(s) Q(Y(s)) ds, o<x<co. 
Then (2.1) can be written as 
O<x<al 
Since n(x) is monotonic, nondecreasing on [0, co), we get from the above 
lemma, 
Y(X) d 44 exp (l’f(s) ds), 0 < x < ~3, (2.4) 
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since D is submultiplicative. Hence, 
This, because of (2.3), reduces to 
Now, integrating from 0 to x; we get 
G(W) - WO)) < lzg(s) Q (exp lff(t) dt) ds, 0 < x < 6. (2.5) 
The desired result (2.2) follows from (2.4) and (2.5). The subinterval (0, b] 
is obvious. 
Remarks. (i) The result in (2.2) is due to Bellman [I, p. 311 when 
Q(y) = 0. 
(ii) In inequality (2.1), when Q(y) = y, the inequality (2.2) reduces to 
This is a linear generalization of the integral inequality resulting from Bellman 
CL p. 311. 
(iii) The integral inequality in (2.1) is studied by Bihari [2] when the 
linear term on the right side is absent. 
(iv) When O(y) = y*, p # 1 > 0, Theorem 1 reduces to Theorem 2, 
proved by Willett and Wong [7]. 
If the constant K > 0 is replaced by a continuous function p(x) in (2.1), 
the function p(x) in (2.1) must be subadditive. The subadditivity property 
was first employed by Muldowney and Wong [6]. 
THEOREM 2. Let, in addition to assumptions (i), (ii) of Theorem 1, the 
function Q be subadditive, the functions p(x) > 0, F(x) > 0 be nondecreasing 
in x and continuous on (0, ox) for x > 0. 
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If 
~(4 exp (- 6 f(s) ds) 
O<x<b, 
where G(u) is defined as 
(2.7) 
and G-l is the inverse of G and x is in the subinterval (0, b] so that 
G [I,” &) Q (P(S) exp /s’f(t) dt) ds] 
+ (g(s) Q (exp (f(t) dt) ds E Dom(G-r). 
We can complete the proof by following the same argument as in Theorem 1, 
together with Theorem 1 of Deo and Murdeshwar [4]. The details are 
omitted. 
The inequality (2.6) is studied in [6] when Y(U) = u and the linear term in 
(2.6) is absent. Further, when p(x) is constant, Y = 52-l, and Q is a concave 
function, (2.6) reduces to the inequality in [5]. The case where the linear 
term on the right side of (2.6) is absent, is first studied in [4]. Vidyasagar [8] 
has also studied the inequality (2.6), without assuming monotonicity of p(x). 
However, his estimates are different from (2.7). 
3. 
In this section a further generalization of the Bihari inequality [2] has been 
obtained, by considering two nonlinear terms on the right side. For this 
purpose, one of the nonlinear functions must be subadditive; whereas, for the 
second nonlinearity, a class of functions S has been defined below. 
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DEFINITION. A function w: [0, co) -+ [0, co) is said to belong to the class 
9 if 
(i) w(u) > 0 is nondecreasing and continuous for u > 0, 
(ii) + w(u) < w (+) , 12 > 0. 






y(x), f(x): (0, co) -+ (0, co) and be continuow on (0, co), 
WES, 
n > 0 be monotonic, nondecreasing and continuous on [0, co). 
Y(X) G 44 + (f(s) W(Y(S)) &I o<x<q (34 
Y(X) < 44 G-l [G(l) + (fcS) ds], 0 < x < h (3.2) 
where (0, b] C (0, co), 
(3.3) 
and G-l is the inverse of G and the subinterva2 (0, b] is so chosen that 
G(1) + s’f (s) ds E Dom(G-l). 
0 
Proof. Since n(x) is monotonic, nondecreasing and w E 9, we observe 
from (3.1) that 
?!$ < 1 + joz f (+$@)) ds < 1 + Jo= f (s) w (#) ds, o<x<ax 
Now, consideringy(x)/n(x) as a function, by Bihari’s inequality [2], the result 
(3.2) follows; the existence of the subinterval (0, b] C (0, co) is obvious. 
It is noted that this theorem provides a nonlinear generalization of the 
lemma stated above. The next two theorems depend heavily on this result. 
THEOREM 4. Let the conditions (i), (ii) of Theorem 1 hold, and w E 9. 
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Y&J G k + j-ozf(s, w(Y(s)) ds + /ozs(s) Q(Y(s)) ds, o<x<m, (3.4) 
where k > 0 is a constant, then 
~(4 [G-l (Go + JzfW A)-‘] 
0 
G F-l p(k) + IO’ g(s) Q [G-l (G(1) + j)(t) dt)] dsl , 
Where G(u) is defined as in Theorem 3, F is defined as 
(3.6) 
and G-l, F-l are the inverses of G, F, respectively and x is in the s&interval 
(0, b] of (0, CQ) such that 
G(I) + Jozf(s) ds E Dom(G-I), 
and 
F(k) + Jo’g(s) Sz [G-l (G(1) + I’f(t) dt)] ds E Dom(F-l). 
0 
Proof. Define 
n(x) = k + j.ozg(s) Q(Y(s)) & o<x<co. 
Then (3.4) can be written as 
Y(X) G 44 + (“f (9 w(Y(s)) 4 o<x<aL 
Since n > 0 is monotonic, nondecreasing, and w E 9, we obtain, in view of 
Theorem 3, 
y(x) < n(x) G-l [G(l) + Jo5 f (s) ds] , 0 < x < b’. (3.7) 
Further, 
Q(y(x)) < -Q(Q)) Q [G-l (G(l) + j-‘-f(s) h)] 9 
0 
409/44/I-I5 
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since D is submultiplicative. Hence, 
Because of (3.6), this reduces to 
0 < x < b’. 
0 < x < 6’. 
Now, integrating from 0 to x, we obtain 
The result (3.5) now follows from (3.7) and (3.8) on the subinterval 
(0,4 c (0, b’l. 
If the constant k > 0 in (3.4) is replaced by a monotonically nondecreasing 
function p(x), we require 52 to be subadditive. 
THEOREM 5. If, in addition to the assumptions of Theorem 4, Q is sub- 
additive, and the functions p(x) > 0, P(x) > 0, be nondecreasing, continuozrs on 
(0, oo), and if 
G P(X) +y [F-l /F [j)(s) Q [p(s) * G-l (G(1) + L’fW dt)] ds 
+ lzg(s) 52 [G-l (G( 1) + [f(t) dt)] hi], 0 < x < b, (3.10) 
where G is defined as in Theorem 3, and F is defined as 
F(u) = lu; a& ’ 0 <u,,(u, (3.11) 
and G-1, F-1 have the same meanings as in Theorem 4, and x is in the subinterval 
(0, b] so that 
G(1) + Izf(s) o!.s E Dom(G-l) 
0 
BELLMAN-BIHAR1 INTEGRAL INEQUALITIES 225 
and 
F ~j-oz,, Q [P(S) G-l (G(1) + j-08f(t) dt)] dsl
+ f’g(s) 52 [G-l (G(1) + [Osf(f) dt)] ds E Dom(F-l). 
0 
We can complete the proof of Theorem 5 by following the argument of 
Theorem 4 and, further, Theorem 1 in [4]. The details are omitted. 
COROLLARY. In Theorem 5, let 
W(Y) =f, O<jI<l, Q(Y) = Ye> 0<8<1, 
and 
Y(u) = u+, r > 1. 
(3.12) 
then 
Y(X) [ 1 + 0~ fozf(s) ds]-l’u 
<P(X) +[(/h [Pw(l + ~J-osfw~)]e’=d~)6 
0 
+ 6 /‘g(s) [l + OL j+‘f(t) dt]e”ds]r’d, 0 < x < co, 
0 0 
where S = 1 - YB and OL = 1 - /3. 
Note that here w E 9 and Sz are subadditive, and submultiplicative. 
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